Abstract. In this article we extend the classicial notion of an outer action α of a group G on a unital ring A, to the case when α is a partial action on ideals, all of which have local units. We show that if α is an outer partial action of an abelian group G, then its associated partial skew group ring A ⋆ α G is simple if and only if A is G-simple. This result is applied to partial skew group rings associated with two different types of partial dynamical systems and thereby we obtain generalizations of recent results by D. Gonçalves.
Introduction
The notion of a partial action of a group on a C*-algebra, and the construction of its associated crossed product C*-algebra, was introduced by R. Exel [12, 15] . Since then, the theory of (twisted) partial actions on C*-algebras has developed into a rich theory which has become an important tool in the study of C*-algebras. It is now known that several important classes of C*-algebras can be realized as crossed product C*-algebras by (twisted) partial actions, e.g. AF-algebras [14] , Bunce-Deddens algebras [12] , CuntzKrieger algebras [16] and Cuntz-Li algebras [7] .
In a purely algebraic context, partial skew group rings were introduced by M. Dokuchaev & R. Exel [11] as a generalization of classical skew group rings and as an algebraic analogue of partial crossed product C*-algebras. Compared to the abundance of results in the context of skew group rings or partial crossed product C*-algebras, the theory of partial skew group rings is still underdeveloped. In particular, apart from the results in [3, 6, 20, 21] , very little is known about the ideal structure and simplicity criteria for partial skew group rings.
In the present article, we introduce the notion of outerness for a partial action of a group on a not necessarily unital ring (Definition 19). In the case of a global action of a group on a unital ring, our definition agrees with the classical definition. The main result of this article (Theorem 22) asserts that if α is a partial action of an abelian group G on a ring A such that each ideal D g , for g ∈ G, of the partial action has local units, then the partial skew group ring A ⋆ α G is simple if and only if A is G-simple. This generalizes a result of K. Crow [8] for classical skew group rings. In sections 5-6 we apply our main result to set dynamics respectively topological dynamics. In the set dynamical case, we are given a partial action of a group G on a set X and consider the partial skew group ring F (X, B) ⋆ α G. Here F (X, B) denotes the algebra of finitely supported functions X → B, where B is a unital simple ring (not necessarily the complex number field). In the topological dynamical case, we are given a partial action of a group G on a set X (typically Hausdorff) such that each X g , for g ∈ G, is clopen. We then consider the partial skew group ring C(X, B) ⋆ α G, where C(X, B) denotes the algebra of continuous functions X → B. In the topological case, some additional assumptions are made on B (see Section 6) . In both of these cases, simplicity of the corresponding partial skew group ring is characterized in terms of (topological) minimality, faithfulness and (topological) freeness of the underlying partial action (see Theorem 32 and Theorem 39). These two results generalize recent results by D. Goncalves [20] .
Preliminaries on Graded Rings
In this section, we recall some properties of general group graded rings.
Conventions on rings. Let R be a ring. We always assume that R is associative but not necessarily unital. If R is unital, then we let 1 R denote its multiplicative identity element. If X and Y are subsets of R, then XY denotes the set of finite sums of products xy, for x ∈ X and y ∈ Y . By an ideal of R we always mean a two-sided ideal of R. The center of R, denoted by Z(R), is the set of elements x ∈ R with the property that xy = yx holds for each y ∈ R. Recall that a ring R is said to have local units if there exists a set E of idempotents of R such that, for every finite subset X of R, there exists an f ∈ E such that X ⊆ f Rf . From this it follows that x = f x = xf holds for each x ∈ X.
Conventions on graded rings. Suppose that R is an associative ring and G is a group. We always let the identity element of G be denoted by e. Recall that R is said to be graded (by G), if there for each g ∈ G is an additive subgroup R g of R such that R = ⊕ g∈G R g and the inclusion R g R h ⊆ R gh holds for all g, h ∈ G. An additive subgroup A of R, is called
The ring R is called graded simple if R and {0} are its only graded ideals. Clearly, graded simplicity is a necessary condition for simplicity.
Assumption. Throughout this section, R denotes a ring graded by a group G.
Proof. Clearly, Z(R) is a subring of R. It only remains to show that it is graded. The inclusion Z(R) ⊇ ⊕ g∈G (Z(R) ∩ R g ) holds trivially. Now we show the reversed inclusion. Take r = g∈G r g ∈ Z(R), where r g ∈ R g , and r g = 0 for all but finitely many g ∈ G.
Take s = h∈G s h ∈ R, where s h ∈ R h , and s h = 0 for all but finitely many h ∈ G. Since r ∈ Z(R), we get that rs h = s h r, for h ∈ G. Since G is abelian, this implies that r g s h = s h r g , for g, h ∈ G. Summing the last equality over all h ∈ G shows that r g s = sr g , i.e. r g ∈ Z(R) ∩ R g . Proposition 2. If R is unital and graded simple with Z(R) ⊆ R e , then Z(R) is a field.
Proof. Take a non-zero c ∈ Z(R) ⊆ R e . Let I denote the graded ideal cR = Rc. Since I is non-zero we get that I = R. This implies, in particular, that 1 = cd = dc for some non-zero d ∈ R. It remains to show that d ∈ Z(R). Take a ∈ R. Then ad = 1ad = dcad = dacd = da1 = da.
Remark 3. If u ∈ R e is an idempotent, then the corner subring uRu inherits a G-gradation in an obvious way.
Proposition 4 ([31]
). If R is graded simple and u is a non-zero idempotent in R e , then uRu is graded simple.
Proof. Suppose that I is a non-zero graded ideal of uRu. Then RIR is a non-zero graded ideal of R. Therefore RIR = R, which in particular implies that u ∈ RIR. But since u = u 3 we thus get that u ∈ uRIRu = (uRu)I(uRu) ⊆ I. Since uRu is unital, with unit u, we thus get that I = uRu.
Remark 5.
Recall that a group is said to be hypercentral if each of its non-trivial factor groups has a non-trivial center. Clearly, abelian groups are hypercentral.
Theorem 6 (Nystedt & Öinert [31] ). If G is a hypercentral group and R has a set of local units E, contained in R e , then R is simple if and only if R is graded simple and there is some u ∈ E such that the center of the corner subring uRu is a field.
Proof. This follows from a more general result, by the authors of the present article, concerning simplicity of semigroup graded rings (see [31, Theorem 2] ).
Partial Group Actions
For use in the succeeding sections, we now recall some well-known concepts (see Definition 8) and a result (Proposition 9) concerning partial group actions. At the end of this section, we introduce a weak form of invertibility for magmas equipped with a partial group action (see Definition 10).
Definition 7. Let G be a group and suppose that X is a set. A partial action α of G on X is a collection of subsets {X g } g∈G of X and a collection of bijections α g : X g −1 → X g such that for all g, h ∈ G and every x ∈ X h −1 ∩ X (gh) −1 , the following three relations hold:
In case X is a magma (ring, algebra), then, for each g ∈ G, the subset X g should be an ideal and the map α g should be a magma (ring, algebra) isomorphism. In the topological setting, for each g ∈ G, X g should be an open set and α g a homeomorphism.
Definition 8. Let α be a partial action of a group G on a set (topological space) X. If for each non-identity g ∈ G, there is some x ∈ X g −1 such that α g (x) = x, then α is said to be faithful. If for each non-identity g ∈ G, the set of x ∈ X g −1 which satisfies α g (x) = x, is the empty set (has empty interior), then α is called (topologically) free. Clearly, freeness implies topological freeness.
If X and ∅ are the only G-invariant (closed) subsets of X, then α is said to be (topologically) minimal.
Proposition 9.
If α is a partial action of an abelian group G on a set (Hausdorff topological space) X such that α is faithful and (topologically) minimal, then α is free.
Proof. Take a non-identity g ∈ G and consider the set
We need to show that F g is empty. Take h ∈ G and x ∈ F g ∩ X h −1 . By Definition 7, relations (ii)- (iii) , and the fact that G is abelian, we get that
Since α is faithful, we get that F g = X. Hence, we get that F g = ∅. Thus, α is free.
Definition 10. Let α be a partial action of a group G on an associative magma X and fix
. In that case we call b the u-inverse of a.
Remark 11. Suppose that α is a partial action of a group G on an associative magma X and fix g ∈ G. Let u be an idempotent in
In fact from the equality ab = u, we get that cab = cu which implies that α g (u)b = cu and hence we get that b = c. It therefore makes sense to speak of the u-inverse of a. Whenever it exists, it will be denoted by a −1 u .
Partial Skew Group Rings
In this section, we recall the definition of a partial skew group ring. We also recall some well-known and relevant results. We proceed by defining outerness for partial actions on rings, and investigate some of its consequences for partial skew group rings. In particular, we show a generalization, to partial skew group rings, of a result by K. Crow [8] concerning simplicity of skew group rings (see Theorem 22) .
Assumption. Throughout this entire section, α denotes a partial action of a group G on a ring A, and the corresponding ideals of A are denoted by D g , for g ∈ G.
Definition 12. The partial skew group ring A ⋆ α G is defined as the set of all finite formal sums g∈G a g δ g , where for each g ∈ G, a g ∈ D g and δ g is a symbol. Addition is defined in the obvious way and multiplication is defined as the linear extension of the rule
and b h ∈ D h . Clearly, each classical skew group ring (see e.g. [8, 18, 33] ) is a partial skew group ring where D g = A for all g ∈ G.
Remark 13. It is easy to check that if we put (A ⋆ α G) g = D g δ g , for g ∈ G, then this defines a gradation on the ring A ⋆ α G. In the sequel, whenever we speak of graded or graded simple it will be with respect to this gradation. Moreover, if there is a set E of local units for A, then {uδ e | u ∈ E} is a set of local units for A ⋆ α G.
A partial skew group ring A ⋆ α G need not in general be associative (see [11, Example 3.5] ). However, as the next result shows, associativity of A ⋆ α G holds in the cases that are of relevance for this article.
Proof. This follows from a more general result by Dokuchaev & Exel (see [11] ). For the convenience of the reader, we here give a short direct proof in the special case that is of relevance for this article. Proof. We begin by showing the "only if" statement. Suppose that A ⋆ α G is graded simple. Let I be a non-zero G-invariant ideal of A. Define I ⋆ α G to be the set of all finite sums of the form g∈G a g δ g , where a g ∈ I ∩ D g , for g ∈ G. Note that I ⋆ α G is a non-zero two-sided graded ideal of A ⋆ α G. Hence, I ⋆ α G = A ⋆ α G. In particular, Aδ e ⊆ I ⋆ α G which shows that I ⊆ A ⊆ I. We conclude that I = A. Thus, A is G-simple.
Now we show the "if" statement. Suppose that A is G-simple. Let J be a non-zero graded ideal of A⋆ α G. We claim that J e = J ∩A is a non-zero G-invariant ideal of A. If we assume that the claim holds, then A = J e = A ∩ J ⊆ J from which it follows that J = A ⋆ α G. Now we show the claim. First we show that J e is non-zero. Since J is non-zero, there is g ∈ G and a non-zero a g ∈ D g with a g δ g ∈ J. Let b g −1 ∈ D g −1 be a local unit for α g −1 (a g ). 1 (a g ))δ e = a g δ e which is non-zero. Now we show that J e is G-invariant. Take g ∈ G and a ∈ J e ∩ D g −1 . Let c g ∈ D g be such that α g −1 (c g ) is a local unit for a. Then α g (a)u e = α g (α g −1 (c g )a)u e = c g δ g aδ g −1 ∈ J.
Remark 17. Note that, even if there is some g ∈ G such that D g does not have local units, the first half of the above proposition still holds, as long as A ⋆ α G is associative. That is, graded simplicity of A ⋆ α G implies G-simplicity of A. In particular, simplicity of A ⋆ α G implies G-simplicity of A.
Definition 18. If g ∈ G and u is an idempotent in D g ∩ D g −1 , then we say that a ∈ uD g α g (u) is u-invertible if it is u-invertible with respect to the magma A having multiplication as its binary operation.
The next definition extends the classical notion of an outer group action on a unital ring (see e.g. [8, 33] ), to the case of a partial action on a ring with local units.
Definition 19.
Suppose that A has a set E of local units. If g ∈ G, then we say that α g : D g −1 → D g is locally inner if there is some non-zero u ∈ E ∩ D g ∩ D g −1 and a u-invertible element a ∈ uD g α g (u) such that for each x ∈ uAu, the relation
holds. Note that α e = id A is always locally inner if we let u be any element of E and put a = u. If none of the α g , for non-identity g ∈ G, is locally inner, then we say that α is outer.
Remark 20. Note that if, for some g ∈ G, α g is locally inner (by u), then from (1), we get that α g (x) = x for all x ∈ uAu ∩ Z(A).
Remark 21.
Suppose that α is a (global) action of a group G on a ring A with a set of local units E. If α g is locally inner, for some g ∈ G, then, in the language of K. Crow [8, Definition 2.1], α is corner-inner. However, the reversed implication does not always hold since, in general, all idempotents of A need not be contained in E.
Now we prove the main result of this article. Note that it generalizes a result of K. Crow [8, Proposition 2.1] in two directions, namely to rings with local units and to partial actions.
Theorem 22.
If each D g , for g ∈ G, has local units and α is an outer action by an abelian group G, then the partial skew group ring A ⋆ α G is simple if and only if A is G-simple.
Proof. The "only if" statement follows from Proposition 16 and the fact that graded simplicity is a necessary condition for simplicity. Now we show the "if" statement. Let E denote a set of local units for A. Suppose that A is a G-simple ring and that u ∈ E is nonzero. Put S = (uδ e )(A⋆ α G)(uδ e ). By Theorem 6 and Proposition 16, we are done if we can show that Z(S) is a field. Let (uδ e )( g∈G a g δ g )(uδ e ) be a non-zero element of Z(S), where a g ∈ D g is zero for all but finitely many g ∈ G. Fix g ∈ G so that (uδ e )(a g δ g )(uδ e ) = 0.
By Proposition 1, we get that (uδ e )(a g δ g )(uδ e ) ∈ Z(S). The element (uδ e )(a g δ g )(uδ e ) generates a non-zero graded ideal of S. But, by Proposition 4 and Proposition 16, the ring S is graded simple. So, in particular, there is k ∈ D g −1 such that (uδ e )(a g δ g )(uδ e )(kδ g −1 )(uδ e ) = uδ e (2) which is equivalent to the following four equivalent equations (ua g δ g )(ukδ g −1 )(uδ e ) = uδ e ⇐⇒ (α g (α g −1 (ua g )uk)δ e )(uδ e ) = uδ e ⇐⇒ (ua g α g (uk)δ e )(uδ e ) = uδ e ⇐⇒ ua g α g (uk)uδ e = uδ e which finally gives us that ua g α g (uk)u = u.
Note that the last equation implies that u ∈ D g . Since (uδ e )(a g δ g )(uδ e ) ∈ Z(S), we can change the order of the factors in the left hand side of (2) and obtain the following three equivalent equations
(uδ e )(kδ g −1 )(uδ e )(a g δ g )(uδ e ) = uδ e ⇐⇒ (ukδ g −1 )(ua g δ g )(uδ e ) = uδ e ⇐⇒ α g −1 (α g (uk)ua g )δ e (uδ e ) = uδ e which are equivalent to
Note that the last equation implies that u ∈ D g −1 , and therefore
Using again that u ∈ D g −1 , we may rewrite (3) and (5) as
and
respectively. Equations (6) and (7) show that ua g α g (u) is u-invertible. Furthermore, for every b ∈ A, the following three equivalent equations hold
(uδ e )(a g δ g )(uδ e )(bδ e )(uδ e ) = (uδ e )(bδ e )(uδ e )(a g δ g )(uδ e )
The last equation yields ua g α g (u)α g (ubu) = ubua g α g (u). Since ua g α g (u) is u-invertible, we thus get that
which shows that α g is inner. But since α is outer, we conclude that g = e. Hence Z(S) ⊆ S e , which by Proposition 2 implies that Z(S) is a field. . One may define σ : G → Aut(C(X)) in the usual way. It then turns out that C(X) is G-simple and that the action is outer. However, the skew group ring C(X) ⋊ σ G is not simple.
Definition 24. If there does not exist any non-identity
, then α is said to be injective.
The next result extends a well-known result for group actions on rings (see e.g. [33] ), to the case of partial actions.
Proposition 25. If the partial skew group ring A ⋆ α G is simple, then α is injective.
Proof. Suppose that α is not injective. Then there is a non-identity g ∈ G such that
Let J be the ideal of A ⋆ α G generated by the element iδ e − iδ g . It is clear that J is non-zero and strictly contained in A ⋆ α G. Therefore, A ⋆ α G is not simple.
Remark 26.
Note that A ⋆ α G need not be associative for Proposition 25 to hold.
An Application to Set Dynamics
In this section, we show how (a generalization of) D. Gonçalves' result [20] concerning set dynamics follows from Theorem 22 (see Theorem 32).
Assumption. Throughout this section, θ denotes a partial action of a group G on a nonempty set X, and the corresponding subsets of X are denoted by X g , for g ∈ G. Furthermore, K denotes a unital commutative ring and B denotes a simple associative unital K-algebra.
Definition 27. We let F 0 (X, B) denote the set of functions X → B with finite support.
Remark 28. For each finite subset S of X, let 1 S denote the function X → B defined by 1 S (x) = 1 B , if x ∈ S, and 1 S (x) = 0, otherwise. It is clear that for each g ∈ G, the set of 1 S , for finite subsets S of X g , is a set of local units for D g . In particular, the set E of all functions 1 S , for finite subsets S of X, is a set of local units for F 0 (X, B). If S = {y} for some y ∈ X, then we let 1 S be denoted by 1 y . F 0 (X, B) is G-simple.
Proposition 29. θ is minimal if and only if
Proof. Suppose that F 0 (X, B) is not G-simple. Then there is a non-trivial G-invariant ideal I of F 0 (X, B). Let N I = f ∈I f −1 ({0}). Since I is G-invariant the same is true for N I . Since I is non-zero, it follows that N I is a proper subset of X. Seeking a contradiction, suppose that N I is empty. This implies that for each x ∈ X, there is a non-zero b ∈ B such that b1 x ∈ I. Using that B is simple, we get that 1 x ∈ I. But then I contains a set of local units for F 0 (X, B) and hence we get that I = F 0 (X, B), which is a contradiction. Therefore, N I is a non-empty G-invariant subset of X, and hence θ is not minimal. Now suppose that θ is not minimal. Let Y be a non-trivial G-invariant subset of X. Let I Y denote the ideal of F 0 (X, B) consisting of all f ∈ F 0 (X, B) that vanish on Y . Since Y is G-invariant it follows that I Y is G-invariant. Using that ∅ = Y = X, we conclude that I Y is a non-zero proper ideal of F 0 (X, B). Thus, F 0 (X, B) is not G-simple.
Proposition 30. If α is injective, then θ is faithful.
Proof. Suppose that θ is not faithful. Then there is a non-identity g ∈ G such that θ g (x) = x for x ∈ X g −1 . This implies that X g = X g −1 and thus that D g = D g −1 and
Thus, α is not injective.
Proposition 31. If θ is free, then α is outer.
Proof. Suppose that α is not outer. We show that θ is not free. Choose a non-identity g ∈ G such that α g is locally inner. By Definition 19, we get that there is a non-empty finite subset S of X g ∩ X g −1 and a 1 S -invertible element 1 S f α g (1 S ) such that
for all h ∈ F 0 (X, B). In particular, if we consider h = 1 x (for any x ∈ S) then, by Remark 20, we get that
This shows that θ is not free.
Theorem 32. If G is abelian, then the following three assertions are equivalent:
(ii) θ is minimal and free; (iii) θ is minimal and faithful. (X, B) is G-simple and that α is outer. Theorem 22 implies that F 0 (X, B) ⋆ α G is simple.
An Application to Topological Dynamics
In this section, we show that a generalization of D. Gonçalves' result [20] concerning topological dynamics follows from Theorem 22 (see Theorem 39).
Assumption. Throughout this section, θ denotes a partial action of a group G on a topological space X, and the corresponding subsets of X are denoted by X g , for g ∈ G.
Furthermore, B denotes a unital associative topological R-algebra containing R as a subring with 1 R = 1 B . We also postulate that there is a continuous map p : B → R ≥0 satisfying (P1) p(b) > 0, for non-zero b ∈ B, and (P2) p(I) ⊆ I, for all ideals I of C(X, B) = {continuous f : X → B}. Now we show that there are lots of rings B which satisfy the above postulate.
Example 33. Let K denote either of the rings of real numbers R, complex numbers C or quaternions H equipped with their respective conjugation · and norm | · |. Let n denote a positive integer and let B denote the ring of n × n matrices over K. Extend · to B by elementwise conjugation. For 1 ≤ i, j ≤ n, let e ij denote the matrix with 1 in the ijth position and 0 elsewhere.
It is clear that p is continuous as a map B → R. It is clear that (P1) holds. Note that p can be described by the internal algebraical structure in B in the sense that p(M) = 1≤i,j≤n e ii Me ji Me jj (8) for all M ∈ B. Therefore (P2) holds. Note also that B is a normed real vector space with respect to the norm M = 1≤i,j≤n |a ij |.
Definition 34. For each g ∈ G, let D g denote the set of f ∈ C(X, B) such that f (x) = 0 for all x ∈ X \ X g . It is clear that D g is an ideal of C(X, B).
Proposition 35. If each X g , for g ∈ G, is clopen, then the map G ∋ g → (α g : D g −1 → D g ), defined by α g (f ) = f • θ g −1 , for f ∈ D g −1 , defines a partial action of G on C(X, B).
Proof. All we need to show is that α g is well defined. Take f ∈ D g −1 . We need to show that the map h : X → B defined by h(x) = f (θ g −1 (x)), for x ∈ X g , and h(x) = 0, for x ∈ X \ X g , is continuous. Suppose that U is an open ball in B. Case 1: 0 / ∈ U. Then h −1 (U) = (f • θ g −1 ) −1 (U) which is open in X g and hence is open in X. Case 2: 0 ∈ U. Then h −1 (U) = (f • θ g −1 ) −1 (U) ∪ (X \ X g ) which, by Case 1 and the fact that X g is clopen, is open in X.
Proposition 36. If X is compact Hausdorff and each X g , for g ∈ G, is clopen, then θ is topologically minimal if and only if C(X, B) is a G-simple ring.
Proof. Suppose that C (X, B) is not G-simple. Then there is a non-trivial G-invariant ideal I of C(X, B). For a subset J of I, let N J be the set f ∈J f −1 ({0}). We claim that N I is a closed, non-empty proper G-invariant subset of X. If we assume that the claim holds then θ is not minimal. Now we show the claim. Since I is G-invariant the same is true for N I . Since I is non-zero it follows that N I is a proper subset of X. Since each set f −1 ({0}), for f ∈ I, is closed, the same is true for N I . Seeking a contradiction, suppose that N I is empty. Since X is compact, there is a finite subset J of I such that N J = N I . By (P2), we get that the function F = f ∈J p • f belongs to I and, since N J is empty, it has the (ii)⇒(i): Suppose that θ is topologically minimal and topologically free. By Proposition 36 and Proposition 38, we get, respectively, that C(X, B) is G-simple and that α is outer. Theorem 22 implies that C(X, B) ⋆ α G is simple.
